Introduction
Let U n = fz 2 C n j jz 1 j 1; 1 1 1 ; jz n j 1g be the closed unit polydisc in C n . In this paper a polynomial in z is said to beHurwitz if it is free from 0 in U n . A rational function with a Hurwitz denominator is regular (analytic) over U n , and will be said to be stable. An n-dimensional (n-D) multi-input multi-output (MIMO) linear shift invariant plant w i t h l inputs and m outputs can be described by a transfer matrix with entries of rational functions in z = ( z 1 ; 1 1 1 ; z n ): (1)
The system is called real if the entries are real rational functions and complex if they are complex rational functions. P(z) i s stable by denition if all its entries are stable. In some feedback conguration with compensator C(z) [8, 5] , the stability of the feedback system is equivalent to the stability of the following system H(P;C) = I 0 P (I + C P ) 01 C 0P(I + C P ) 01 (I + C P ) 01 C (I + C P ) 01 (2) P is said to be stabilizable if such a C (complex or real) exists to make H(P;C) stable. Stabilizability conditions and stabilizing compensator construction method can be found in [5] . For real stabilizable systems, the compensators can always be constructed real.
In the case that the compensator C(z) itself can be chosen stable, P is said to be strongly stabilizable. Furthermore, for a real system P , if C can be chosen real and stable, we s a y t h a t P is real strongly stabilizable.
For an MIMO 1-D linear system described by a real rational transfer matrix, Youla et al. [12] in the seventies gave a constructive condition for the existence of a stable real compensator. The extension of Youla et al.'s result to n-D systems has been a long standing open problem [8, Section 8.3] . For the problem of strong stabilization of n-D linear systems, recently a topological condition for strong stabilizability o f a n n-D SISO complex system was given by Shankar [6] , and a computable equivalent w as given by Y i n g [ 9 ] . By introducing a concept of \sign" of real functions on complex varieties, Ying gave a necessary and sucient condition for real strong stabilizability of a real n-D SISO system [9] .
In this paper we present some results concerning strong stabilizability of MIMO n-D systems. Section 2 presents some mathematical facts used in later sections. In Section 3, necessary conditions for strong stabilizability o f n-D MIMO systems are presented. Some examples are given at the end. In Section 4, a useful sucient, but not necessary, condition for the strong stabilizability of a complex MIMO system is given.
The proofs of the theorems will be omitted, which c a n be found in [10] . Recall that the winding number of a cycle (a closed curve) in C 3 = Cnf0g is dened as
It is the number of times that winds around the origin counterclockwise. A single-valued logarithmic function log can be dened in some subset 6 of C 3 if and only if 6 does not contain any cycle with a non-zero winding number.
In general, for a subset 6 in some complex space, an analytic function g : 6 0! C 3 has a single-valued logarithmic function log g on 6 if and only if g maps any cycle in 6 into a cycle with winding number 0 in C 3 ,
i.e., W (g() ) = 0 . This property i s e q u i v alent to that g induces a 0 homomorphism from the rst homology group of 6 to that of C 3 (see, e.g., [2] ). If this is satised we s a y that g is 0-homotopic on 6.
Let I be the ideal generated by 1 
is that g(z) is 0-homotopic on V (I) \ U n ; or equivalently, g(z) has a single-valued logarithmic function log g(z) on V (I) \ U n .
Real Stable Rational Functions
Suppose that g(z); 1 (z); 1 1 1 ; M (z) are real and that there exist real stable rational functions
This is a real valued continuous mapping on (6) where d j k and n j k are polynomials in z with real or complex coecients, corresponding to a real or a complex system, respectively. Let (8) are called generating polynomials of P and are independent of the choice of F up to a non-zero constant [4] .
Proposition 1 [4] P is stable if and only if the rst generating polynomial b 1 is free f r om 0 in U n .
Proposition 2 [5] P is stabilizable if and only if the generating polynomials do not share common zero in U n .
In the following we assume the stabilizability o f P (z). 
This leads to the following: (i) A necessary condition for P to be s t r ongly stabilizable is that b 1 is 0-homotopic on V (I) \ U n .
(ii) If P is strongly stabilizable and is real, then a nec- The following theorem is obvious from Lemma 2 and Theorem 4. (i) A necessary condition for P to be s t r ongly stabilizable is that det D(z) is 0-homotopic on V (J) \ U n .
(ii) If P is strongly stabilizable and is real, then a necessary condition for the existence o f a r eal stable compensator is that det D has an invariant sign on V (J)\ U n .
For the real case, the condition is a generalization of the parity interlacing property of Youla et al., which is also sucient, for the strong stabilizability o f a r e a l 1-D MIMO plant [12, 8] . In fact, it is not dicult to check that the polynomial (0:5z 1 + i)z 1 0 (z 2 1 + z 2 z 3 0 z 2 0 2) + z 2 z 3 = 00:5z 2 1 + iz 1 + z 2 + 2 is free from 0 in U 2 hence in U 3 . However, z 1 has opposite signs at the two discrete points of which is, however, not stable. which is mapped by z 1 to a cycle f 1 2 e i2t , 0 t 1g in C 3 , which has winding number 1 around the origin.
Thus the system is not strongly stabilizable. Note that while det 4z 1 We conclude this paper with some open problems.
1. For the case that the ideal J is generated by one polynomial, computational procedures for testing the criterion in Theorem 1 and the sign invariance condition in Theorem 2 have been given based on the cylindrical algebraic decomposition [9, 11] . The extension to the general case (J be generated by a nite number of polynomials) is straightforward. Unfortunately, our method is not constructive in that it does not give a solution to the inequality (3) in Section 2. The development of an algorithmic method to solve inequality (3) remains open.
2. Based on the fact that all stable complex (or real) rational functions in one variable form a Euclidean domain, the necessary conditions in Theorem 5 have been constructively proven to be sucient too for 1-D systems [12, 8] . The construction of a stable compensator for a 1-D system relies essentially on the Euclidean division algorithm, and on the Smith-McMillan canonical form description of the transfer matrix. But the domains of stable rational functions in two or more variables are no longer Euclidean, thus neither the Euclidean algorithm nor the Smith-McMillan form method can be applied. It is an interesting topic for future research t o establish a new algebraic framework (e.g., a framework analogous to the Smith-McMillan form for the 1-D systems) in which adequate algorithms can be applied to solve the problems remaining unsolved in this paper.
